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Problem statements and solutions

Problem 1 (9 points)
Determine the number of zeros of the function

f(x) = 2e27*°(x6 —3x* +5x2 —1) —2¢ — 5, x €R.
Answer: function f(x) has four (4) zeros.

Solution:

Function f(x) is even, so it is enough to consider the interval x > 0. Here the
number of zeros of the function f'(x) coincides with the number of zeros of the func-
tion

g(t) = 2e?7t(t3 — 3t> + 5t —1) — 2e — 5.

Consider

g'(t) =2e?7t(—t3 +6t2 — 11t +6) = =227t — 1)(t— 2)(t — 3).

We define the monotonicity intervals of the function g(t):

(0,1), (2,3) are increasing intervals; (1, 2), (3, +o0) are decreasing intervals.

We check the values of the function g(t) at the extremum points:

g(0) = —2e? —-2e—-5<0,
g(1) =4e —2e—-5>0,
g2)=10—-2e-5<0,
g(3) =28e"1—-2e—-5<0.
The last inequality follows from
28 —2e? —5e <28-2(2,7)?-5-2,7<0.



It follows that the continuous function g(t) has zeros at intervals (0,1) and
(1, 2). Accordingly, the continuous function f'(x) has only four (4) zeros nymns at in-

tervals (—v2, —1), (=1,0), (0,1), (1,v2).

Problem 2 (12 points)

Find the limit
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Answer: E; = (_1 0).
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Problem 3 (10 points)
Find the sum
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Solution:
Note
2x a az(l—x)
f(x)— X+a 1_az’c+a_1_612(1‘—")+a_1_f(1_x)'
sof(x)+f(1—x)=1.
Then we get
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Problem 4 (9 points)
Draw a line defined by the complex equation (t is a real parameter):

z(1+ e‘“")2 = 1.
Answer: y? = i —x.

Solution:
t £\ 2 :
2 e'z2+e 2 e't cost + i sint
z(l+e™) ' =12z —F—— | =1 z= = =
i% Acos? L 4cos2 L
e 2 2
1 (1 t 2t>+2' t ‘
—_ — — — %k — 1.
4 g 3)Tetrtgy
Denote
t
T=tg§, T € (—0, +00)
then
1(1 t2t> Lo 1,1
= — —_ —_) = — —_ = — —_—= = =
S 93)=3 "1, YT ST x
-la-a
_4 V),
or
1
2 - _
yi=g—x

The last is the parabola equation with a vertex at a point (1/4; 0), branches are directed
to the left.
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Problem 5 (9 points)

Find the limit
lim — Jnl (1+ 1)d
1mm —= n e X.
"_’°°\/ﬁ 1 \/E
Answer: 2
Solution:
We use the Lopital rule:
1
1 (m 1 1 [t 1 in(1+ ﬁ)
lim—f ln<1+—>dx = lim—J ln(1+—>dx = lim ———— = 2.
n—o+n J; Vx too[t )y Vx tooo %_
24/t

Problem 6 (8 points)
Find the sum of the series

= n
D
n=1
Answer: 2

Solution:

Obviously, this series converges. We use the independence oproperty of the con-
vergent series sum from the permutation of its terms and the sum formula of an infi-
nitely decreasing geometric progression
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Problem 7 (12 points)
Find the volume of the m-dimensional pyramid T, such that
x1 2 O, xZ 2 O,“',xm 2 0, x1 + xz +"'+xm S h

m

h
Answer: —
- m!



Solution:
Xn

h

0 | h x

Consider k = 2, V, = [[.dx;dx, = [\ dx, [ dx, =

—fh(h P 7 S
- TR s 2 |, 2 2
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,F',? X
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.1'1

h h—x4 h—x1—%5
k == 3, V3 = j-j dxldedx3 == J dle dxzj dx3 =
0 0 0

|4
h h—x1 h h — X — X 2 h—x1
- f dx1 j (h - X1 - xz)de ES _J dx1 ( ! 2)
0 0 0 2

0 3!
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then by induction

h h—x4 h=—x1—=X3—...—Xm—-1
k=m, V, = ﬂ dx,dx, - dx,, = j dxlf dx, f dx,, =
0 0 0

%4
h h—x4 h—x{=X3—...—Xm—> hm
== dx1 de (h - x1 - xz_. e xm_l)dxm_l = .
0 0 0 m!

Problem 8 (12 points)
Find real solutions of the differential equation
2y’ 2 6y 12y* 8y3 4
»)? +lz= 1+—2+—y+ Y 242
X X

X x? x3 = x3
Answer: y = Cx? — x.

Solution:
Multiply everything by x3:

(xy")3 + 2xy' = x3 + 2x + 6yx? + 12y%x + 8y3 + 4y.
Convert:



(xy" )3+ 2xy" = (x + 2y)3 + 2(x + 2y).
Denote:
z=xy, t=x+4+2y 2 z34+2z=t3+4+2t > (z—t)(Z*+zt+t?>+2)=0.
The real solution is answered by the case
y

z=t > xy =x+2y = y’=1+2;.
We have a homogeneous differential equation of the 1st order, which is solved by re-
placing
y=tx, y'=t'x+t,
where t = t(x) is a new function; next, we solve

t'x+t=14+2t > t'x=1+t= izd—x: nl+t|=nCx= 1+t
1+t x
= Cx.
We return to the function we are looking for
y =Cx?%—x.

Problem 9 (9 points)

Suppose that a linear homogeneous differential equation of the order n with constant
real coefficients is given. It is known that x°° sin*(3x) is one of the solutions of this
equation. Find the smallest possible value of n.

Answer: 255

Solution:
This particular solution can be converted to the form

50 50 50
—x>" cos 12x —=x" cos 6x + —x"°".
8 2 8

In order for a linear homogeneous differential equation to have such a quasi-polyno-
mial as a solution, the roots of its characteristic equation must be the following num-
bers: A, , = £12i are roots of multiplicity 51; A5 , = +6i roots of multiplicity 51,
As = 0 roots of multiplicity 51.

We obtain that the characteristic equation must have at least 51-5 roots (taking into
account multiplicity), so the minimum possible value of n is 255.

Problem 10 (10 points)

Players A and B play a chess match between themselves. Player A wins the game with
a probability of 0.6. To even the odds, they agreed that player 4 wins if he wins three
games, and B wins if he wins two games (draws are not counted). What is the proba-
bility of each player winning the match?

Answer: The probability of winning player A is equal to 0,4752. The probability of
winning player B is equal to 0,5248.



Solution:
In any case, the match ends after four successful games. Let's imagine each outcome
as a vector consisting of zeros and ones corresponding to the result of the games in
order: 1 — «the first player wins the game», 0 — the second player wins the game. There
are 16 possible outcomes in total, taking into account the possible early end of the
match — 10. Using Bernoulli's formula, we have:

P(A) = €;(0,6)* + €3(0,6)3(0,4) = (0,6)* + 4(0,6)3(0,4) = 0,4752
IS the probability of the 1st player winning the match;

P(B) =1-P(A) = 0,5248

IS the probability of the 2nd player winning the match.



