
         
 

 

THE THIRD INTERNATIONAL MATHEMATICAL OLYMPIAD 

Blagoveshchensk – Russia, 25 March 2023 
 

 

Problem 1 (8 points) 

Find the solution of the system of equations 

{
 

 𝑥 +
3𝑥 − 𝑦

𝑥2 + 𝑦2
= 3,

𝑦 −
𝑥 + 3𝑦

𝑥2 + 𝑦2
= 0.

 

 

 

Problem 2 (10 points) 

A tangent line is drawn to the graph of the function   𝑦 = −(𝑥2/12) + 𝑥 − 16/3.  

This line intersects the graph of the function   𝑦 = 3|𝑥 + 6| − 7/3   at points A and B.  

Find the radius of a circle circumscribed around a triangle with vertices at points А, В 

and 𝐶(−6; −7/3), if   ∠𝐶𝐴𝐵 = 2𝑎𝑟𝑐𝑐𝑜𝑠(3/√10) + ∠𝐶𝐵𝐴. 

 

 

Problem 3 (9 points) 

The matrices 𝐴3×2 and 𝐵2×3 are such that 

𝐴𝐵 = (
8 2 −2
2 5 4
−2 4 5

) . 

Find the matrix 𝐵𝐴. 

 

 

Problem 4 (11 points) 

Find the general solution or the general integral of the equation 

𝑑𝑦

𝑑𝑥
=

𝑥𝑦

𝑦3 + 𝑥2𝑦 + 𝑥2
 . 

 



Problem 5 (10 points) 

Find the limit of the sum 

lim
𝑛⟶∞

(
1

𝑛 + 1
+

1

𝑛 + 2
+⋯+

1

𝑛 + 𝑛
). 

 

 

Problem 6 (11 points) 

The sequence  {𝑢𝑛}  is given recurrently: 

𝑢0 = 1,   𝑢1 = 2,   𝑢2 = 4, 𝑢𝑛+1 = 𝑢𝑛−2 + 2𝑢𝑛−1 + 𝑢𝑛, 𝑛 ≥ 2. 

Find the sum of the series 

∑
𝑢𝑛
10𝑛

+∞

𝑛=0

 . 

 

 

Problem 7 (9 points) 

Four players take turns tossing a coin, which each time with the same probability of 

0.5 drops out «heads» or «tails». 

The winner is the player who gets the «heads» for the first time. 

Determine the probability of winning each of the players. 

 

Problem 8 (13 points) 

Calculate the definite integral 

𝐼 = ∫
𝑑𝑥

(𝑎 + 𝑏 cos2 𝑥)2

2𝜋

0

         (𝑎 > 0, 𝑏 > 0). 

 

 

Problem 9 (10 points) 

Find the general solution of the system of equations 

{
�̈� − 2�̇� − 2𝑥 − �̈� + 4�̇� = 0,
2�̇� + 𝑥 − �̈� − 4�̇� + 2𝑦 = 0.

 

 

 

Problem 10 (9 points) 

Calculate the curvilinear integral 

∮
𝑥𝑑𝑦 + 𝑦𝑑𝑥

𝑥2 + 𝑦2
𝛤

 ,   𝛤 = {(𝑥, 𝑦): (𝑥 − 1)2 + (𝑦 − 1)2 = 1} . 


