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Problem statements and solutions

Problem 1 (8 points)
Find the solution of the system of equations

3x —y
(x+—x2+y2_ )
x + 3y
y—— > =0,
x“+y

Answer:x, =2, y;=1, x, =1, y, = —1.

Solution:
Multiply the first equation by y, the second — by x, and add:
1
MDy+@2)'x = 2xy—1=3y = y=5—%

Next, multiply the first equation by X, the second — by y, and subtract:
(D-x—2)'y = x>—y2+3=3x,

N T
fale-d)

Then we get:
2 __ -
X 3x + 3 (2x —3)2 = (

32
t=<x——> = 4t>4+3t—1=0, D=9+ 16 = 25;



. —3+5 . 1
= — @ = —,
L2 8 4
Finally we find a solution:
3 1
x—§=i5 = X1=2, x2=1,y1=1, y2=_1.

Problem 2 (10 points)
A tangent line is drawn to the graph of the function y = —(x?/12) + x — 16/3.

This line intersects the graph of the function y = 3|x + 6] — 7/3 at points A and B.
Find the radius of a circle circumscribed around a triangle with vertices at points 4, B

and C(—6; —7/3), if 2CAB = 2arccos(3/V10) + 2CBA.

Answer: R = 13v10/16

Solution:
We consider AABC and note ZACB = 2arccos(3/vV10) = 2CAB = 90°.
Compose the equation of the tangent to the parabola:

1
() = y(xe) + 7' (o) - (x —x0), ¥'(g) = —2+1=—= = x, =8, y(x)

6 3
1
= —§X.
Determine the coordinates of the point B:
7 1 61 61
yp = —3(xp +6) —3» YB= T3%B = Xp = g YBT oy

Next, the diameter of the circumscribed circle coincides with the hypotenuse BC:
2R = BC =/ (xc = x5)* + (yc — yp)? =

A =
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Problem 3 (9 points)
The matrices A5, and B, 5 are such that

8 2 -2
AB=<2 5 4>.
-2 4 5

Answer: BA = 9E, where E is a unit matrix with dimensions 2 X 2.

Find the matrix BA.

Solution:
Let A5, is @ matrix such that AA =E and Bj,, a matrix such that BB' =E,

where E is a unit matrix of size 2 x 2. It is not difficult to show that such matrices A’
and B’ exist, and not the only ones.
Next, we note that (AB) - (AB) = 9(AB). Multiplying both parts of this equal-
ity on the left by A’, and on the right by B’, we get
A"-(AB)-(AB)-B'=9A4"-(AB)-B' =
= (A'A) - (BA) - (BB') =9(4'A) - (BB') = BA = 9E.

Problem 4 (11 points)

Find the general solution or the general integral of the equation
dy Xy
dx  y3+x2y +x2°

Answer: yZe® = C(x? + y?).

Solution:
a)
V3 +x%y +x¥)dy = xydx = x(ydx —xdy) = y(x* + y*)dy =
ydx —xdy y Y
Zro7 e ;dy = —d (arctg;) = ;dy =
d(arctg z
= —d(arctg z) = zdy, zzi = —%=dy =
dz p fdz_l_j‘ zdz L
—_—_— = el = — —_ —
A+z5 VT P

1 2 ~ 2 2 -2y
=>y=—1n|z|+zln|1+z |+C = z“=(1+2z%)Ce =

3



= yZe? = (C(x% +y?).

b)
V3 +x%y +x¥)dy = xydx = x(ydx —xdy) = y(x* + y*)dy =
ydx —xdy y
x2+y2 ;dy =
-d(3) y dz
:;—x——dy, z—— = ————=dy =
z(1+ z?)

1+(X)

dz zdz
J f +C=>

= y=—1n|z|+§1n|1+ZZI+C = z2=(1+2z%)Ce™ =

= y2e? = C(x% + y?).

Problem 5 (10 points)
Find the limit of the sum

1 1 1
lim( + + -4+ )
n—o\n+1 n+2 n+n

Answer: In2.
Solution:
Denote
A A —1 = kA —k
X = x—n, X = x—n;
then
_ 1 1 1
hm( PRI ):
n—mo\n+1 n+2 n+n
Y 1 1 1 1+ 1 1
=lim|—s—-—f4+——=— — | =
n—oo 1 n 2 n n n
=1
=11m( x + Ax + -+ Ax>=11mz
n—oo X1 1 2 1+ x, n—0 Lt 1+ xi



Problem 6 (11 points)
The sequence {u,} is given recurrently:

U =1, uy =2, u, =4, Upp1 = Up_p +2Uy_ 1 + Uy, n=2.
Find the sum of the series

+ 00
un

10m°

n=0

Answer: 1100/879.

Solution:
Let's denote S is the sum of the series. We find
4 &
Un+1
S= Z = +—+z —1+—+—+ T =
T ETE 107 107" £, 107
n=
+00
124 Up_y +2Uup_1 +Uu,
~ 10z " z 107+ B
n=2
+
124 T U,
102 10n+1 +2- Z 10n+1 10n+1 =
124
= 102 z 107+3 +2- z 10n+2 10n+1 =
124 1 & 2 1
_ Un un un _
~ 102 T 103 10n T 102 107 10 10 Z.10m
n=0 n=1 n=2
124 1 <A 2 (& 1 (&
u?’l u?’l un ul
=t Y e —- — —up | +—- ——uy—— | =
102 T 103 Z. 10" " 102 ( 107 “°> 10 ( 1on o 10)
n=0 n=0 n=0
_124 1 or 2 s 1)+1 (5 . 2)_
102 103 102 10 10/
124 1 2 2 1 1 2

=—+—-S - S — — S ————.
102+103 +102 102+10 10 102
Then we get



879 . 110 . 110 10° 1100
103 © 102’ 102 879 879

Problem 7 (9 points)
Four players take turns tossing a coin, which each time with the same probability of

0.5 drops out «heads» or «tailsy.
The winner is the player who gets the «headsy for the first time.
Determine the probability of winning each of the players.

Answer: 8/15,4/15,2/15,1/15.

Solution:
The first participant has the opportunity to win:
- at the first toss with a probability of 0,5;
- on the fifth toss with probability (0,5)° (the first four tosses must be unsuccessful),
- at the ninth toss with a probability (0,5)°, etc.
All these are incompatible events, so the total probability P(A,) of the first participant
winning:
8

1
—_— 5 9 eee — P —————— T —
P(A4,) = 0,5+ (0,5)° + (0,5)° + 0,5 (057 = 15

Similarly, the second participant has the opportunity to win:

- on the second toss with probability (0,5)?;

- at the sixth toss with a probability (0,5)°, etc.

The total probability P(4,) of winning the second participant:

P(A;) = (0,5)* +(0,5)° + (0,5)' + - = (0 5)2-—1 _4
Yo ’ ’ 7 1-(05)* 15
Similarly,
P(4y) = = P(4,) = —
(3)_151 (4)_15
Problem 8 (13 points)
Calculate the definite integral
I= " o 0,b >0
~J, (a+bcos?x)? (@>0,b>0).

. m(2a+b)

Answer: W.



Solution:
The calculation of the original real integral is reduced to the calculation of the contour
integral in the complex plane:

o e*+e ™ 2241

=e* dz =ie%¥dx = izdx, = = o L={zz| = 1}
z=e z=1ie%¥dx = izdx, cosx > > {z:|z] }

dz , z3dz
sz 2=—16L% ) > 5 =
L 72 4+1 2 I (bZ +2(2a+b)z +b)
iz a+b( )

2Z
; 2 (2 w =z
_ 8 z°d(z°) | L ={w:|w| =1} — double;
2 2 a
b L(z4+2(2%+1)22+1) a=25+1>1

_ 16i7€ wdw
b2 ), W+ 2aw + 1)

}

We determine the singular points placed in the inner region of the closed contour L:
D0=a2_1>0; W1=_a+‘/D0>_1;

W2=—(X—\/D_0<—1.

We use the integral Cauchy formula:

’=‘1b6ziﬁ(w_wlwivvi_wz)z=(f(W)=ﬁ)=

_16if f(wydw  16i_ . 32m

b2, (w—w)? _Fsz (w1) = ?f (wo);

f’()—_Mﬁf’( )= — wy+w, 2a
W= (W —wy)? " (W —wy)* (2,/D0)3 |

327 2« 8w a _ n(2a+b)

Finally we get




Problem 9 (10 points)

Find the general solution of the system of equations
X—2x—2x—y+4y =0,
{29&+x—j}—4y+2y=0.

Answer:

x = Ciet +5Ce t +2C;e% + 2C,e7 %,  y=Cet+ Coe ™t + C3e?t + Cle™?t,

Solution:
a)
Composing the sum of the equations of the system, we obtain the equation for the new
function z(¢t):
z=2y—x, 7—z=0 = z=Cet +Ce’t = x=2y—Cet — Cye™".
Substituting x(t) into one of the equations of the system, we obtain the equation for
y():
y—4y = —=3C et + Cre™ .
Find the general solution y of the corresponding homogeneous equation:
y = Cze?t + Ce 2,
Find a particular solution y* of the non-homogeneous equation:

C;
f= (et ——2e .
y 1€ 38

Find a general solution y of the on-homogeneous equation:

1
y=y+y*=Cet— §Cze‘t + Cze?t + C e,

Substitute in the formula for x:
5
x = Cet — §Cze‘t + 2Cze%t + 2C e 2.

Re-assigning C,, we finally get
x = Cet +5C,e t +2C;e? + 2C,e7 %,  y=Cet+ Cre ™t + C3e2t + Cle™ 2,

b)
We are looking for a solution in the form:
x = Ae®t,  y = Bekt,

We substitute it into the system and after reducing by e** find non-zero solutions for
A, B:

A(k? — 2k —2) + B(—k? + 4k) = 0,

AQk+ 1)+ B(—k?—-4k+2) = 0.
Get the characteristic equation, find the roots:

(k? =2k —2)(—k? =4k +2)— (k> +4k)2k+ 1) =0 =
= k*—5k*+4=0 = (k* - 1D)(k*-4)=0 = ki, =11, kg, =12,

Then we find the corresponding similarity coefficients:

8



ki =1= —-3A4+3B=0= A, =1, B, =1;

k,=—-1= A-5B=0= A,=5 B,=1;

k;=2= —-2A+4B=0= A;=2, B; = 1;

ky=-2= 6A—12B=0= A,=2, B,=1.
Finally, we compose the solution of the original system:

0)=6 (e 46 e v e

Problem 10 (9 points)
Calculate the curvilinear integral

xdy + ydx
%W r={xy:x-1D%*+-1=1}.
r
Answer: 0.
Solution:
v| I
1
0 1 x
a)
Use Green 's formula
6Q 6P y X
dex+Qdy f] Ty P P Q-
The area D is C|rcle and in polar coordinates ( x =rcos¢,

y = 7 sin @) is defined by constraints:

- {(r, P):0< @< % rn(p) <r< "2(‘/’)}

r,(@p) = cos + singp — /sin2¢ , r,(p) = cos@ + sinp + /sin 2¢
Then

xdy + ydx x? —y?
fr x2 + y? =_2U X2 + y2 dXdY——ZJ (cos? @ — sin? @)rdrde =

T r2(9)

TZ

5 r2(¢)
= —2f cos2¢ d(pj rdr = —Zf cos2¢ do —
0 r1(¢) 0 2

r1()
T

2
= —4[ cos 2¢ (cos @ + sin@)./sin2¢ dp =
0

9



T
= —4\/5_[ COS 2¢ COS ((p —Z),/sian) do =
0
T
T T T 7
=(0= ——,——SBS—)=—4\/§J sin 20 cos@ Vcos20d6 = 0,
4" 4 4 _%

due to the oddness of the integrand on a symmetric interval.

b)
Calculate immediately. Consider parametrization of the contour I
x =1+ cost, y =1+sint, 0<t<2m.
Then
dx = —sint dt, dy = cost dt
and we substitute everything into the integral:
xdy + ydx 2T (1 + cost)cost — (1 +sint)sint
_/; x? + y? _JO (14 cost)? + (1 + sint)?
2T (1 4+ cost + sint)(cost — sint)
_j; 3+ 2(cost +sint) at
2% 1 + (cost + sint)
B jo 3+ 2(cost + sint)
u =cost+sint, 11+u
(SR [ e
t=2n=>u=1 1

d(cost +sint) =
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