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Problem statements and solutions

Problem 1 (9 points)
Prove the inequality
1 1 1
(1 +Z)<1 +§> (1 +2_n> <2, n=2.
Solution:
Let's logarithm the left side of the inequality and use the well-known fact: In(1 + x) <
x,x # 0, and the formula for the sum of geometric progression terms
1 no1
)< 7"

ln<(1+%) (1 +%>...(1 +Zin>>=2:=21n(1+ﬁ -

Problem 2 (11 points)
Calculate the indefinite integral



I f cosx + sinx J
= X.
5cos2x — 2sin2x + 2sin? x

1 In V6+(cos x+2 sin x)

3 :
Answer: | = ——arctg(2 cosx —sinx) + 07z P | e (cos xaz sinm)

+ C.

Solution:
3amMeTum

5cos?x — 2sin2x + 2sin?x = (2cosx —sinx)? + 1 = 6 — (cosx + 2sinx)?;
1
sinx — cosx = —g(Zcosx — sinx) +§(cosx + 2sinx) =
= (cosx + sinx)dx = d(sinx — cos x)

1
= —gd(Z cosx — sinx) +§d(cosx + 2 sinx).

Transform the integral

cosx + sinx
I = - - dx =
5cos?2x —2sin2x + 2sin?x

3 d(2 cosx — sinx) 1 d(cosx + 2sinx)
-5 (2cosx—sinx)2+1+§j6—(cosx+25inx)2=
1 1 V6 + (cosx + 2 sinx)
10V/6 ! V6 — (cos x + 2 sinx)

= —garctg(Z cosx — sinx) +

Problem 3 (9 points)
Calculate the definite integral

! 52023 _q
[ty
In x

0

Answer: In 2024.

Solution:
Consider a more general problem:



Then

52023 _

f—dx =1n2024.
In x

0

Problem 4 (10 points)
Find a sum of the number series

D5
n=1
Answer: 3/2.

Solution:

a)

Obviously, this series converges. We use the independence property of the sum of a
convergent series (positive) from the permutation of its terms and the formula for the
sum of an infinitely decreasing geometric progression

9 16 25
23n=‘+9+ﬁ+a+m+

1 1 3 ;1 3 5 1 3 5 7

:§+(9 9) (27+ﬁ+27> (81+ﬁ+ﬁ+81> T

(1+1+1+1+ )+3(1+1+1+ )+5(1+1+ )+ =
3 9 27 81 9 27 81 27 81 B

—1+3 1+5 1+7 1+ 1 1+3+5+7+9 =
2 6 18 54 2(392781 )‘

1+1+1+ +211+1+ +21+1+1+ 4+ | =
(39)(3927)(92781) B

(3+2 + 2 1+ )—1(3+1+1+1+1+ ) 1(3+3)—3
2 \2 3 9 27 2 \2 2) 2



b)

Denote
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Problem 5 (9 points)
Find all real solutions to the equation
(2x3+x—3)3 =3 —x3.

3 ) 9
Answer: /3 /2 — oquH IEUCTBUTEIBHBIA KOPEHB.

Solution:
Consider the function

flx) =(2x3+x—3)3+x3—3;
its derivative function
f'(x) =302x3+x—3)%(6x2+1)+3x%2>0,
so the function f(x) increases monotonically along the entire numerical axis from —oo
to +o0 and has a single real root. Transform the left side of the equation
(2x3+x—3)3 = (2x3 —3)3 + 3x(2x3 — 3)? + 3x2(2x3 — 3) + x3.

The original equation is reduced to the form

(2x3 —=3)((2x3 —=3)2+3x(2x3=3) + 3x2+ 1) = 0,
from where the only root x = i/S_/Z 1s determined.




Problem 6 (9 points)
Find a conditional extremum of the function
u=xyz
with the following coupling equations
xy+yz+zx=9, x+y+z=06.

Answer: U, ., = u(1,4,1) = u(4,1,1) = u(1,1,4) = 4; Uy, = u(0,3,3) =
1(3,0,3) = u(3,3,0) = 0.

Solution:
From the system of communication equations, we find
{xy+yz+zx=9,:>{xy=9—(x+y)z,
x+y+z=56, xX+y=6-—2z
We get xy = 9 — (6 — z)z, then the objective function takes the form
u=xyz=(9—(6—2)z)z=23-6z2+9z = ¢(2).
Investigate the function ¢(z) for an unconditional extremum. Let's find the first order
derivative and stationary points:

0'(z) =3z>—-122+9=0 > z;=1, z,=3.
Obviously, the first stationary point is the maximum point for the function ¢(z), be-
cause

p"'(1) =(6z—-12)|,., =—-6<0.
This point corresponds to two pairsxandy - x;;, =1, y;,;, =4 and x5, =
4, y,, = 1. Thus, we obtain two points of conditional maximum — M, (1,4,1) and
M,(4,1,1). Obviously, due to the symmetry of the connection conditions and the ob-
jective function, we will also have a third conditional maximum point M5 (1,1,4) (this
point can be obtained by expressing from the system of equations of coupling xz or
yz). The conditional maximum value is equal to
Umar = u(1,4,1) = u(4,1,1) =u(1,1,4) = (1) = 4.
Similarly, the second stationary point is the minimum point for the function ¢(z), be-
cause
0"'(3) =(6z—12)|,.3 =6>0.
This point corresponds to two pairsxuy — x,1 =0, y,;, =3 and x,, =
3, y,2 = 0. Thus, we obtain two points of conditional minimum — N; (0,3,3) and
N, (3,0,3). And due to the symmetry of the connection conditions and the objective
function, we will also have a third conditional minimum point N5(3,3,0). The
conditional minimum value is equal to
Umin = u(0,3,3) = u(3,0,3) = u(3,3,0) = ¢(3) = 0.




Problem 7 (10 points)
Find a general solution to the differential equation
y2dx + (e* —y)dy = 0.

Answer: e*In(Cy) =y

Solution:
Make a replacement e* = z, dz = e*dx = zdx. Then

dz dz z%2 —zy
y—+(z—y)dy—0=>d—y=— 7
~ dz dt a 1
zZ=ty, dy dyy+ =>d—yy+t —t +t=>— In(Cy) = e*
__ Y
In(Cy)’

Problem 8 (11 points)
Find a general solution to the system of nonlinear differential equations

, _Z
y =3
, z(y+2z-1)
x(y —1)
. _ sz—Cl—l _
Answer: y(x) = T z(x) = (c — 61)2
Solution:
Eliminate x and go to the function z = z(y):
dz y+2z—-1 dz 2z
— = = = + 1.
dy y—1 dy y— 1
We solve the resulting equation using the Bernoulli method:
2uv
zy) =u)v(y), z' =uv+uw' = vv+uw' = y—1 + 1.
We select the function v(y) so that
2v dv  2dy
v' = > —=—"— = v=(y—-1)>2

y—1 v y-—1
After this we have



2 _ " _
u'(y—1) 1= u =1 = u y_1+Cl=>
= z=uw=CH-1*-(y—-1).
Next we return to the independent variable x:
dy dx

'x = Cy( —1)2—( -1) = - =
Y i Y Ci(y — 1)(2 — (y)— D x
C; 1 dx ciy—1)—-1
(Cl(y—l)—l y—1> Y= 1 y—1 n(Cz%)
= el — =—_— = .
y—1 22 =Y Cx—C, 7" Cx-C
All that remains is to find z(x):
() =y x =
z(x) =y x_(sz—Cl)Z'
Problem 9 (11 points)
Calculate n-th order determinant
3 8 0 0 0 0
2 6 9 0 0 0
0 1 6 9 0 0
0 0 1 6 0o ol
0O 0 0 O 6 9
0O 0 0 O 1 6

Answer: 3"72(16 — 7n).
Solution:
Denote 4; — k-th order principal diagonal minor. Then
A =3 4, = |§ 2 =2, A, = 64, — 94, = 3(24, — 34,),
A, = 643 — 94, = 3(245 — 34,) = 32(34, — 64,),
As = 64, — 945 = 3(24, — 343) = 33(44, — 94,),
then by induction we find
Ay = 6451 —94,_, = 352[(k — 14, — 3(k — 2)A,].
Finally
A, =3"2[(n—1)A4, —3(n—2)4,] = 3"2(16 — 7n),
where 7 is the order of the determinant.




Problem 10 (11 points)

Random variables ¢, ¢,, &5 are independent and uniformly distributed on the inter-
val [0; 1].

Find the probability P(é; + & + & < x) forx > 0.

[x3-3(x—1)3 (3-x)3

]forlﬁxSZ; 1-—

x3
Answer:?forOngl; for2 <x < 3;

l mpu x = 3.

Solution:
Represent the set of possible values of random variables ¢, &5, &5 in the form of a unit

cube in R3. Then the desired probability is defined as the ratio of the volume of a part
of a unit cube, limited by an inclined plane {; + &, + {3 = x, o the volume of a unit
cube, that is, to unity. Namely:
x3/6mpu 0 < x < 1;
[x3=3(x—1)3]/6npul <x < 2;
1-(3—-x)3/6mpu2 <x<3;
1opu x = 3.

P(E+E+E <0 =1

=3

x
U\I 1 ] 1.x




